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FINITE GROUPS WITH A PROPER 2-GENERATED CORE
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MICHAEL ASCHBACHERi1)

ABSTRACT.  H. Bender's classification of finite groups with a strongly

embedded subgroup is an important tool in the study of finite simple groups.

This paper proves two theorems which classify finite groups containing sub-

groups with similar but somewhat weaker embedding properties.   The first

theorem, classifying the groups of the title, is useful in connection with

signalizer functor theory.   The second theorem classifies a certain subclass

of the class of finite groups possessing a permutation representation in which

some involution fixes a unique point.

Given a finite group G, the 2-rank of G, denoted by m(G), is the number of

generators of a maximal elementary 2-subgroup of G.   Let S be a Sylow 2-subgroup

of G, and k a positive integer.  As defined by John Walter, the k-generated core

of G containing S is

T. , (G) = (AUX): X < S and m(X) >k).

The main result of this paper is the classification of finite groups with a

proper 2-generated core.

Theorem 1. Let G be a finite group, S a Sylow 2-subgroup of G, and H a

proper subgroup of G such that Ys AG) < H.   Then one of the following holds:

(i) m(G)<l.

(ii) m(G) =2 and G = 0(G)H.

(iii) G = G/0(G) is isomorphic to GLA3), S , or A..

(iv) G is contained in the automorphism group of L2(q), M.., or /,, the

Janko group of order 175,560.

(v) G has a normal subgroup L isomorphic to LAq), Sz(q), or UAq), q even,

Sz(8), SL2(5) or SL2(5)YSL2(5).   K = C   (L) has 2-rank at most 1 and if m(K) = 1

then LK contains all involutions in G.

X denotes a covering of X over Z2.

A finite group G is exceptional if m(G)> 3, G has a proper 2-generated core,

and G is on the list of groups in Theorem 1.
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The following equivalence is useful in applying Theorem 1.

Lemma 1.  Let G be a finite group, let S be a Sylow 2-subgroup of G, and let

H be a subgroup of G containing S.   Then the following are equivalent:

(l)rs2(G)<H.

(2) H fi H8 has 2-rank at most one for each g e G — H.

The next result is crucial to the proof of Theorem 1.

Theorem 2.  Let G be a finite group, H a proper subgroup of G, and z an

involution in the center of some Sylow 2-subgroup of G.   Assume

(i) z e H8 if and only if g e H.

(ii) // u is an involution with z € CG(u) = M^ H then HDL is strongly em-

bedded in L = (zG n M).

Then (z   ) O H is strongly embedded in (z   ).

Finally there is the following corollary to Theorem 1.

Theorem 3.  Let G^ be a doubly transitive permutation group of odd degree

in which a Sylow 2-subgroup of the stabilizer of two points is cyclic or quaternion.

Then either

(i) G^ has a regular normal subgroup, or

(ii) G has a unique minimal normal subgroup L, G < Aut(L), and Ltt is per-

mutation isomorphic to LJq), Sz(q), or UAq), a ez;erz, in their natural doubly

transitive representations, or L.(ll)or M,. on 11 letters.

The proof of Theorem 1 utilizes several results of Gorenstein and Walter on

exceptional groups.   The list of exceptional groups given above is slightly larger

than their list in [7].   Large parts of the proof of Theorem 2 are adaptations of

work of Suzuki and Bender on groups with a strongly embedded subgroup to the

somewhat more general setting of Theorem 2.   Theorem 2 can be used to shorten

significantly the proof of an important theorem of Shult [8].   §7 utilizes many

ideas from the proof of that theorem and can be omitted if the result is assumed.

The author would like to thank Professor Ernest Shult for pointing out several

errors in the original version of this manuscript and suggesting improvements to

the proof.

1. Notation.  Let G be a permutation group on a set fl, X < G, and A C Í2.

Denote by XA, X(A), the pointwise, global stabilizer of A in X, respectively.  Set

Xa = X(A)/XA with induced permutation representation.   Denote by F(X) the set

of fixed points of X in fi.

Given a prime p and a positive integer n, denote by n    the highest power of

p dividing rz.
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Given a p-group P set Qj(P) = (x £ P; xp = l) and 0"(P) = (**": x 6 P).

For given prime p, 0(G) = 0^.(0 where tt = \2, p\'.

HYG is the central product of groups H and G with amalgamated center.

A group G is said to be known if G is one of the groups in the conclusion of

Theorem 1.   G is said to be quasisimple if G is perfect and G/Z(G) is simple.

E(G) is the product of all subnormal quasisimple subgroups of G, known as the

components of G, and F (G) is the product of F(G) with the Fitting group of G.

2. Preliminary results. We first give a proof of Lemma 1.  Assume the hypoth-

esis   of  Lemma 1, and let Ys 2(G)< H.  Suppose m(H C\ H8)> 2 and let T be a

Sylow 2-subgroup of H O He = D.   Then NG(T)< D, so T = S is Sylow in G.   So
-1 -1        ,

S and S8      < // and thus S8      = S* for some h £ H.  Therefore hg £ NG(S)< H,

so g £ H.   Thus (1) implies (2).  Conversely assume H O H8 has 2-rank at most

one for g £ G - H.   Let X < G with m(X) > 2, and let g £ NG(X).   Then X < H D

Hg, so g £ H.   That is NG(X)< H.  So Ts 2(G)< // and therefore (2) implies (1).

Lemma 2.1.  Let X be a group of odd order and t an automorphism of X of

order 2.   Set K = ¡x e X: xl - x~  \, let p be a prime, and let P a t-invariant Sylow

p-subgroup of X.   Then:

(1) // a, b, and ab £ K, then ab = a.

(2) \P n K\ = \K\pand |Cp(r)|- \Cx(t)\p.

Proof. Lemma 2.1 of [2].

Lemma 2.2.  Let S £ Syl2(G), S'<T<S, and y £ S - T.  Assume for each

x £ (y) that if xe £ S then x8 £ xT.   Then G has a normal subgroup K with G = KS

and y £ G - K.

Proof. See, for example, 2.9 in [2].

Lemma 2.3.  Let H < G, S a Sylow 2-subgroup of G contained in H, and z an

involution in the center of S.   Then

(1) // I\ 2(G)< H then H controls fusion of its involutions.

(2) If z £ H8 if and only if g £ H, then H controls fusion in S.

Proof.  (1) follows from Alperin's fusion theorem.  So assume z £ H8 if and

only if g £ H.   Represent G by conjugation on H   .   Then z fixes the unique point

H in HG.
-1

Let X, X8      Ç S.   Then z, z8 £ C(X).   Let A and B be Sylow groups of CH(X)

and CHg(X) containing z and z8 respectively.  Then F(A ) = F(z) = H, so A is

Sylow in CG(X). Also F(B)= H8 and B is Sylow in C(X).   Let y £ C(X)with

Ay = B.   Then Hy = F(Af = F(B)= H8,so h = yg_1 £ N(H)= H.  Also Xh =
-1 -1

Xy8      = X8     .
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Theorem 2.4.  Let m(G)= 2, H a proper 2-generated core of G.   Then either

G = 0(G)H orG = G/0(G) is one of the following:

(1) G< Aut(L) where L is isomorphic to U A4), L¿(q) or M   .

(2) G 2áS7,a covering of Sy by Z^

(3) G StGL2(3\

(4) E(G) = SLA5), O (G) is cyclic, and F (G) contains all involutions in G.

Proof. By induction we may take 0(G)= 1.  Set Q = 02(G).  Clearly m(Q)<

1.  Suppose Q = F*(G).  G is not a 2-group but CG(F*(G)) = Z(Q), so G/Z(Q)<

Aut(2),andas m(Q)= 1, G Si GL2(3).  So we may assume F*(G)4 Q. As  0(G) =

1, F*(G)=QE(G).  As m(G)= 2, F(G) = L is quasisimple and either Q = 1 or Q

is cyclic and Q Pi L 4 1.   If F*(G)< H then by a Frattini argument, m(F*(G)) = 1.

So F*(G)~ L =* SLJq) or A    and there is an involution a e H - L.  But CG(L) =

Z(L) and the outer automorphism group of LAq) or A   is abelian.  Therefore G =

LNG((a)Z(L)) < H, a contradiction.  It follows that H O L is a proper core of L.

Assume Q 4 1.   L is quasisimple of 2-rank at most 2, so L is isomorphic to

SL2(q), Av or Sp4(a), a odd [l], [6].  Set G = G/Z(L).  Suppose Q =(x) has order

greater than 2.  Claim L =^ SL2(5).  We may assume Q has order 4.   Then if ä is

an involution in L, (a, x) = X has 2-rank 2, so C_(a) = N, (X) < H.  So L has a
L *-        —

strongly embedded subgroup.

Suppose  L =? SLAq) and a is an involution in zV inducing an outer automor-

phism on L.  We may take G = L(a).  Then C-(a) = NG((a, x)) < /7.  Further

C_(a") is a maximal subgroup of G, so // = CG(a).   But // controls fusion of its

involutions, so the Z -theorem yields a contradiction.

To complete the proof of the case Q 4 1, we may assume G = Sp.(q).  Let

i> £ // with £>   = x.  As G has 2 classes of involutions and no strongly embedded

subgroup, NG((b))- B has a proper core.   But tt^CL, 2(B))> l,a contradiction.

So we may take G isomorphic to UAq), LAq), or A  .  Then G has one class

of involutions a   .  As G has no strongly embedded subgroup, M = CG(a) has a

proper core, and then as 0AC(a))4 1, by induction M is of type (2)—(4).  It fol-

lows that G is L,(3) or L (5).  Now // controls fusion of its involutions and 0.(S)

is nonabelian where S e Syl2(G).   Therefore  OA.H/0(H))=l.   Then H/0(H) con-

tains a simple component /C/0(/i) and as m(G) = 2,  K/0(H)= E(H/0(H)).  As LA})

is a minimal simple group, G is not L,(3).   H is transitive on its involutions so

OjCS1)^ K.  S is wreathed so fl.(S) is not Sylow in a simple group.   But

\S :Q,y(S)\ = 2, so S e Syl (K).   But the only simple group with wreathed Sylow

group and of smaller order than L (5) is UA3), and the order of UA3) does not

divide the order of L,(5).

The next three results are slight generalizations of theorems due to Goren-

stein and Walter.
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Theorem 2.5.  Let G be a fusion simple group, let S be a Sylow 2-subgroup

of G, and let z be an involution in the center of S.  Assume M = CG(z) is excep-

tional.   Then G ~ /j.

Proof.  Let f/bea proper 2-generated core for M containing S.   Proposition 4

in [7] handles all cases except the following: M = M/0(M) has a normal subgroup

L such that K = C   (L) is of rank one and LK contains all involutions in M.  Also

either (i) L = LjYL2, L. = SL2(5), and the components  L. are interchanged in

M, or (ii) I St SL2(5).   Let T = S O LK.

First consider case (i).   If x is an element of order 4 in C(Lj) either cen-

tralizing or inducing an outer automorphism of order 2 on L2, then let Xj be an

element of order 4 in Lj O S and X = (z, xXj).   Then X is a 4-group and L2 =

(C_ (Xl):t £ T)<H. So ST=(I,,S)< H and then M = LN-(T)< H, a contra-
L.2 — l M        ~

diction.  So |S:T| < 4.

Now choose y £ S — L to be an element of order 4 inducing an automorphism

of order 2 on L.   If possible choose y to induce an outer automorphism of order 2

on each L..   If this is not possible then  \S :T\ = 2 and choose y to interchange

Lj and L .  As T contains all involutions in S, 2.2 implies there exists y8 £ S —

yT.   Let (y8)2 = t.   if t = z then g £ M, impossible as LK(y) < M.  So //z and

then as t is not rooted in T, \S :T\ = 4, and y8 interchanges Lj and L2.   By

Alperin's theorem on fusion we may choose g £ N(U), where (y, y8)< U < S.  As

z £ Z(U), t = z8 £ Z(U) and then even   QX(Z(U)) =V = (t, z).   Thus as CG(V)

has a normal 2-complement, we may assume U = CS(V).   But now g normalizes

ßjO/)=C;T(y)==Z2 xD8, and then also 01(Cr(V))= <«).

Next consider case (ii). M is exceptional so m(M) > 3 and then T = (T n L)YQ

with T C\ L and Q quaternion.  If T 4 S then we find y £ S - T with y2 = z and argue as in

case (i)that y    n T is empty, so that 2.2 yields a contradiction.  So T = S.   By

the Z -theorem, z is fused to some / 4 z in T.   But for each choice of t, z is

rooted in CT(t) while t is not, a contradiction.

Lemma 2.6.  Let G be fusion simple and u an involution not in the center of

any Sylow 2-subgroup of G.   Assume M = CG(u) is exceptional.   Then M = M/0(M)

has a normal subgroup isomorphic to LAq), Sz(q), or U (q), q>2 even.

Proof. If M is not as claimed then u is the unique involution in the center of

a Sylow 2-subgroup of M. But this contradicts the hypothesis that u is not in the

center of a Sylow group of G.

A group G is said to be quasisimple if G is perfect and G/Z(G) is simple.   G

is semisimple if G is the central product of quasisimple groups.  Finally the com-

ponents of a group G are the quasisimple factors of the unique maximal semisimple

subgroup E(G) of G.
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Lemma 2.7.   Let G be a group with  0(G) = 1  and a proper 2-generated core.

Assume all the components of G are either 2-generated or known. Then G is known.

Proof. For m(G) > 3 see Proposition 3* in [7].   For m(G)< 3 see Theorem

2.4.  Recall that G is known if it is one of the groups in the conclusion of Theo-

rem 1.

Lemma 2.8.  Let G be a solvable group, S a Sylow 2-subgroup of G, and k a

positive integer.  Assume H = l\ ,(G) 4 G.   Then m(G) < k.

Proof. Assume G is a counterexample. Let Q be maximal with respect to

Q < H and Q <3 G. Let K/Q be minimal normal in G/Q, and F an elementary 2-

subgroup of 5 of rank k + 1.  Set G = G/Q.   K is a p-subgroup for some prime p,

and as H contains a Sylow 2-subgroup of G, p 4 2.   Further m(Q)< k - 1, so

m(E)>2.  Thus

ÎC = <C_(X):m(X)=m(Ë)- 1).

It follows that K < r\ , (G)Q = //, contradicting the choice of Q.

Lemma 2.9.  Let H be strongly embedded in G, let z be an involution in H,

and represent G on the set Q of cosets of H in G.  Assume E(G/0(G)) is a Bender

group and P is a p-subgroup of H fixing 3 or more points of 0 with P C\ 0(G) e

Sylp(0(G)).   Then z11 n N(P) is nonempty.

Proof. As  0(G) = Ga, we may assume G acts faithfully on Í2.   Then G is an

extension of a Bender group so a Sylow 2-subgroup Q of H is normal in H and

regular on Q - Itfi.   Then CQ(P) is transitive on F(P)-{H], so as  |F(P)| > 3,

Cq(P)41.   Finally each involution in Cq(P) is  in z   .

3. Proof of Theorem 1.  In this section G is a minimal counterexample to

Theorem 1.

Lemma 3.1. 0(G)=1.   m(G)>3.

Proof. Assume K = 0(G) 4 1.   Then either G = HK or G/K satisfies the hypoth-

esis   of  Theorem   1. In the first case let S be a Sylow 2-subgroup of G.   Then

Tr.AKS)< KS, so by 2.8, m(G)= m(KS)< 2, so G is known.
i,2 —

In the second case minimality of G implies G/K, and thus also G, is known.

Theorem 2.4 implies m(G) > 3.

Lemma 3.2. G is quasisimple.

Proof.  If not minimality of G implies all components of G are either 2-gener-

ated   or known.  Thus 2.7 implies G is known.
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Theorem 3.3. G is simple.

Until the proof of Theorem 3.3 is completed, we assume E = Z(G)4 1.  As

G = CG(E)^H, m(E) = 1.   Let e be the involution in E.  Set G = G/(e).

Lemma 3.4. E = (e).

Proof. E has 2-rank 1 and is in the center of G, so E = (x) is cyclic.  Sup-

pose x 4 e.  A Sylow 2-subgroup T of H n H8 is cyclic or quaternion for g £ G -

H.  Further E < T, so as e 4 x e Z(T), T is cyclic.   Thus H n H8 has cyclic

Sylow 2-subgroups for ail g £ G — H, so G satisfies the hypothesis of Theorem 1.

Thus G, and therefore G, is known.

Let S be a Sylow 2-subgroup of G contained in //.

Lemma 3.5. S contains a normal 4-group (e, z).  C-(z~) < H, obî/ H controls
G

fusion in S.

Proof. By 3.1, m(G)> 3, so the normal 4-group exists.   Then C_(ë) =
G

NG((e, z))< H.   H controls fusion in S by 2.3 and 4.1.

For the remainder of the proof of Theorem 3-3 let z7 be an involution in H

with M = C_(z7)^ H.   Then z7 is the image of an element u of order 4, and M is the

normalizer of the subgroup generated by u.

Lemma 3.6.  We may choose u so that M contains a normal subgroup L with

L/0(L)SSL2(5).

Proof.  Let S. = CAz).   \S :SA < 2-   If ir    n S.  is empty, then considering

the transfer of G to S/Sj, G has a subgroup of index two, contradicting 3.2.   Thus

we may assume z £ Cs(u).   (Recall H controls fusion in S .)

Suppose m(M)< 2.   As (u) is normal in M, minimality of G implies either M is

known of type (v) or M = (M O H)O(M).  Thus we may assume M is of the latter

type.  Set X=0(M).   ThenXjd//.

Claim (z G n M)< X(J).   For assume not.   Let T >S n M be Sylow in M.

Then there exists an involution t £ T with t 4 z or ze.  m(T) = 2, so we may

assume (/, z) is dihedral of order 8.  z inverts tz, so tz 4 u.  Also (tz)   = e so

X = Cx(t)Cx(z)Cx(tz).   (Cx(z), Cx(t))< Hand X¿H, so Cx(tz)^H.  Suppose

tz £ C(u).   Then as tz 4 u, (tz, u) contains a 4-group A and Cx(tz)= CX(A)< H

as ?7z(A)= 2.  So tz i C(u\   Thus (z, e) = i2j(CT(«)), and we may choose T < S.

As m(G) > 2, T is of index 2 in some R < S. As  |S :Sj| = 2 we can choose

r £ (R - T) C\ C(z).  Set v = z/.  As re C(z), if any two of CT(w), w - u,v, z,

are equal, then all are equal.   In that case, as  bz(T) = 2, (zz, v) - (u, z) and

uz £ u   .   But tz = te = tu, so (t, z) < Cs(z/z), contradicting Çl.(CJu)) = (z, ë).
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Thus CT(u), CT(v), and CT(z) ate all distinct.   But as each has index two in T,

T is the union of the three groups.   Thus t lies in one of the three, a contradiction.

Next assume m(M)> 3.  Then minimality of G implies M is exceptional.  As

\02(M)\ >4, M has a normal subgroup L with L/0(L) S L2(q), Sz(q), U^q), Sz(8),

or 5L2(5).   Further, except in the last case, FL contains all involutions in M, so

that (zG O M) O H is strongly embedded in (z C C\ M) = L.

Therefore if no involution ¿7 exists with M as claimed, then G satisfies the

hypothesis of Theorem 2.  So as G is simple by 3.2 and 3.4, Theorem 2 implies H

is strongly embedded in G = (F   ).   Thus 6, and therefore also G, is known. So

we may choose zz as claimed.

We now complete the proof of Theorem 3.3 by showing G = Á*g.

Let u be the element which exists by 3.6, and L the normal subgroup of M

with L/0(L) ==! SL2(5).  Set K/0(M) equal to the centralizer of LO(M)/0(M) in

M/0(M).   K has 2-rank 1 and LK contains all involutions in M.   Let T be Sylow

in M and let Q = T O L.   Then 2 is quaternion of order 8, and T = PQ where

P f\Q = E and m(P) = 1.   Further Pj = P O K has index at most two in P.   T

contains a conjugate of z, which lies in PyQ - Q, so Py 4 (F).

Suppose P is cyclic,  zz e P and P, ^ (F),so uePy= Z(T).  Thus (zz) is

characteristic in T and then T eSyl2(G).   Butas  Py is cyclic, m(T) = 2.  So P

is quaternion.

Suppose P = Py.   If |P| > 8 then u is contained in Í3 (T), which is cyclic,

so again T = 5.   In this case S is nonabelian dihedral cross a 4-group, and [5]

implies G is not simple.  So \P\ = 8, and we may assume T = NS(P).   As G has

at least two classes of involutions, [lO] implies S is not abelian, so T p S. So

there exists x e S - T with Px = Q and x2 e T.   T is characteristic in (T, x), so

as T = NAP), we get S = (T, x).   As G has no subgroup of index two we may

assume x is an involution.   But now Lemma 8.5 of [4] implies G has a subgroup

of index two.

Thus P ¡= Pj.   If \P\ > 16 then zz 6 02(T), which is cyclic, so T = S and G

has a subgroup of index two.   If \P\ = 8 then T = (¿7) x D where Q < D is dihedral

of order 8.   Let (i7)= Z(D).   Then zzy is an involution, so ü~v i zT   .   Thus  T = S

and G has a subgroup of index two.  So P has order 16.

Then T=(PyX Q)(7)with y  an involution and  P = (Pj, y) and (Q, y )

dihedral of order 8.   If T = S then Lemma 8.5 of [4] implies G has a subgroup of

index two. So let x 6 S - T with x2 e T.   PjQ is characteristic in T, so P^ = Q.

Further either we may'choose x2 = y, or x2 centralizes PyQ and we can choose

x to be an involution commuting with y .   In any case  PjQ is the unique normal
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abelian subgroup of (x , T) of rank 4, so PXQ is characteristic in (x , T>.   There-

fore as  T = N-(Fj) and Pj and Q are the only conjugates of Q in T, S = (T, x).

2 — —    —r~ —í"
Suppose y = x .  As G has no subgroup of index two, y £ u   »   But zz    = uz,

while for any w £ S with w   = u, "yw -~yû, a contradiction.   Thus we can choose

x to be an involution commuting with y .  So S is isomorphic to, and has the fusion

pattern of a Sylow group of A „.  Further the centralizer M of a noncentral invo-

lution ü has an A    section.  It follows from Theorem A of (3) that G ^ A,..

Therefore G ^A0.

This completes the proof of Theorem 3.3.

Let z be an involution in the center of a Sylow 2-subgroup S of G contained

in //.   If CG(z)^.H, then minimality of G and 3.5 imply C_(z) is exceptional.

But then Theorem 2.1 yields a contradiction.   Thus we have shown:

Lemma 3.7. CG(z)< H.

Lemma 3.8.  Let u be an involution in H with M = CG(u)^H.     Then

(z    n M) Cl H is strongly embedded in (z    n M).

Proof. As H controls fusion of its involutions, we may let T < S be a Sylow

group of M.  Suppose m(T)= 2.   Then as z £ Z(S), (u, z) - Qj(T).   The Z -theorem

implies uz £ u  , and therefore (z    n M)<Z (M).  Next assume m(T)> 3.  Then

minimality of G implies M is exceptional so 2.2 implies M has a normal subgroup

L with L/0(L) S L2(q), Sz(q), or (73(?), q even.   Let K/0(Ai) be the centralizer

in M/0(M) of LO(M)/0(M).  Set R = T D L and U = K O T.  Then Í/R contains

all involutions in T and U has 2-rank one.   Further N¡J.R) is transitive on R  :

So T has three M-classes of involutions: i u\,\z  ¡and l(zzz)  i.  The Z -theorem

implies uz £ u  .  Thus // O L is strongly embedded in L = (z    O M).
s-

Now 3.7, 3.8, and Theorem 2 imply that H is strongly embedded in G = (z   ).

So [2] implies G is known.

This final contradiction completes the proof of Theorem 1.

4. Preliminaries to Theorem 2.

Hypothesis 1. G is a finite group, H a proper subgroup of G, and z an invo-

lution in H.   Further

(i) if z £ H8 then g £ H, and

(ii) z'/ u is an involution with z £ M = CG(zz) ̂  H then (z    C\M) C\H is

strongly embedded in (z    O M).

Set fl = \H8: g £ G\ and let G act on Ü by conjugation.

Hypothesis 2. G satisfies Hypothesis 1 and z is in the center of some Sylow

2-subgroup of G.
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Lemma 4.1.  Let G be a finite group, H < G and z an involution in H.   Then

the following are equivalent:

(1) If z e H8 then g e H.

(2) CG(z) <HandzGnH = zH.

Proof. Assume (1), and let g e CG(z).   Then z e H8, so g e H.   Thus

CG(z) <H.   If zx e H then z e Hx      so x e H.   Thus zG n H = zH.  Next assume

„ -1 -1        ,
(2).  z e HB implies z8      e H, so z8      = zn for some h e H.   Thus hg e CG(z)<

H.  So g e H.

Lemma 4.2. Asszzrzze Hypothesis 1.   Let t, s e z    and u an involution with

z e CG(u)^H.   Then:

(1) UZ 4 ZG.

(2) // tz has even order then t e H.

(3) If I 4 ts e CG(z) then t and s are in H.

Proof. If zzz e z   , then u e'(z    O C(zz)) = L.   But by hypothesis H n L is

strongly embedded in L, so L has one class of involutions, a contradiction.

Next assume tz has even order, and let v be the involution in (tz).   Then t, z e

C(v). So if C(t;)< H then / e H, while if C(v)¿ H then t, z e L = (zG D C(v))

and H f\ L is strongly embedded in L, yielding a contradiction as above.   Finally

assume  1 4 ts e Cc(z), with t 4 H.   Then as above, x = ts has odd order.   So

x' = x~   4 x while xz = x, so t is not conjugate to z in (CG(x), t).   Thus tz has

even order, so (2) yields a contradiction.

Lemma 4.3. Assume Hypothesis 1.   Let m =\z   |, a, ß e ñ, ¿V = Ga, ana"

D = Ga/3.   Then

(1) teere are exactly m elements tez    with cycle (a, ß).

Assume Hypothesis 2 and let t e z    have cycle (a, ß), and set D*= (D, t).   Then:

(2) t eZ*(D*).

(3) Let K=|x e 0(D): x' = x_1|.   T/jerz H=CG(z)Kand \K\ = m.

Proof. Let /., 1 < i < K be the elements of z    with cycle (a, ß).  Suppose

t .t.e CAz) for z 4 /•   Then by 4.2, t.e H, a contradiction.  Thus the elements

k. = tyt., 1 < i< A, are distinct modulo C   (z).  So ¿ < |/í:CG(z)| = \z   | = w by

4.1.  Set n = |Q|.   Then  \z   \ = mn, so |z    — H| = (n — l)m.   But we have shown

that A = \Hx Ci z   | < m tot any coset  Hx 4 H.  So k - m.

Now assume Hypothesis 2, and set í = t., and s = <2.   Let t e Hy = W8.   If

[<, s] = 1, then zz = ts e H and t e M = C(zz).  As z is in the center of a Sylow

group of G and zz e H, we may assume z e M, contradicting the remarks above.
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Thus / commutes with no conjugate in D  , so the Z  -theorem implies t £ Z  (D  ).

Thus  K = \k.:l <i< ml  We showed above that H = Cc(z)K and \K\ = w.

Lemma 4.4. Assume Hypothesis 2 and let K < G.   Then:

(1) If K is a normal subgroup of G of odd order then either G = HK or G/K

satisfies Hypothesis 2.

(2) If z £ K £ H then K satisfies Hypothesis 2.

Proof. The proof of (1) is straightforward.   Let K satisfy the hypothesis of

(2).  Set / = H O K.  Clearly z e /   implies k £ }.   Let a be an involution in K

with z e M = CK(u)^].   Then CG(u)^H, so L n H is strongly embedded in L =

(zGnC(zz)>.   V =(zK n M)<L.   M£j so let x € M -/.  Then zx £ ]x 4 ], so

z* ¿ /.  Thus V ^ /.  So V n / is strongly embedded in V.  Therefore K satisfies

Hypothesis 1 and it remains to show z is in the center of some Sylow group of K.

Set a = I a,  | and b = \z  \.  z is contained in a unique conjugate of /, so a is odd

and  \z   I = ab.   By 4.3 b is the order of Y, the set of elements in z    with cycle

(a, ß).  Further T < Z*(D*), so b = |X :Cx(i)| is odd, where / e T and X =
if

0((r)).   Thus   \z   \ = ab is odd, so z is in the center of a Sylow group of K.

For the remainder of this paper let m = \z   |, let a, ß £ Çl with // = G  and

D = Gaß, let / e zG have cycle (a, ß), let D* = (D, t), and set n = |Q|.

Lemma 4.5. Assume Hypothesis 2, and let p be a prime.   Then:

(1) t normalizes a Sylow p-subgroup P of D, and \t   | = m  .

(2) Assume [P, t] fixes 3 or more points of Q and let M be a p-subgroup of

G maximal with respect to fixing 3 or more points and being normalized by some

s £ zG with \sM\ = m .   Then s fixes a point of A = F(M).

Proof.  (1) follows from the fact that t £ Z (D  ), 4.3, and 2.1.  Assume (2) is

false and let M be a counterexample.  Clearly p is odd.  We may assume a e A

and / £ N(M).  Set N = AU/M), L = (tN), \y\ = F(t), and Hx = Gy.   The proof

involves several reductions.

(i) t £ Z*(N): Suppose s £ tN with [s, t] = 1.   By 4.2, Hx covers t, s, and

ts.   Let A = M    and B = NM(A).  As y i A, B ^A.   But as Hj covers t, s, and

ts, B = CB(s)CB(t)CB(ts)<A.   Therefore by Glauberman's Z*-theorem, t £ Z*(N).

(ii) Let a 4 8 £ A.  Then a.  = 8 for some se/: Assume 8 4 &s tor any

se/.   Let Q be a Sylow group of Ga5 containing M.   Q 4 M by (1).  Further,

maximality of M implies F(Q) = |a, 5|.  Then |A| = n = |F(Q)| = 2 mod p.  As

/ £ Z (N), t normalizes a Sylow p-subgroup R of N, which we may assume contains

Nq(M).  As  |A| = 2 modp, R fixes 2 or more points o and ct' of A.   bz   = |/M| <

|/R| by (1), so [R, /] < M.   Thus / centralizes R/M and then normalizes NQ(M).
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Maximality of M implies {a, o'\ = F(NQ(M)) = Sa, 5!.  So a' = 5.

(iii) 0(L) < H: If x e 0(L) - H then by (ii) there exists s e tN n (H n L)x,

so s e 0(L).

We now derive a contradiction and establish 4.5. For it follows from (i) and

(iii) that a   = ¡a, ßS has order 2, contradicting (ii).

Lemma 4.6.  Let p be a prime, and set y = ß .   Then D     contains a Sylow
v

p-subgroup of D if and only if z normalizes a p-subgroup X of D with \z    | > m .

Proof. Let S be a z-invariant Sylow group of D    containing X.   Then

|S:CsO)| > mp = \D:CD(z)\p by 4.3.   Further CD(z)<Dy, so \CD(z)\p = \CAz)\p.

Thus  |S| = |D|  .  The converse follows from 4.5.1.

Lemma 4.7. Assume Hypothesis 2. Let p be an odd prime and P a maximal

p-subgroup of H fixing 2 or more points.   Then either

(1) A = F(P) has order 2 and G*1 is doubly transitive, or

(2) Nr(P)Ais transitive and z    O NA.P) is nonempty.

Proof. Assume first A has order greater than 2.   Then maximality of P implies

P is Sylow in Gaß tot all ß e A, so by 4.5.1 there exists t e zG n N(P) with

cycle (a, ß).  Thus N(P)* is transitive and by 4.5, if P < H then zG n NH(P)

is nonempty.

So assume A has order 2.   If a Sylow p-subgroup of Gaß fixes exactly 2

points for every ß e 0 - ¡a! then G° is doubly transitive.  So choose ß so that a

Sylow p-subgroup Q of D fixes 3 or more points.   By 4.5, Q   = Q tot some tez

with cycle (a, ß).  Choose M maximal in the sense of 4.5, and containing Q.  Set

T = F(M) and N = NAM).   4.5 implies there exists t e z    n N fixing a point

y e T.  Let R be a Sylow p-subgroup of Gy containing M.  As  |A| = 2, R fixes

exactly two points, y and 5.   Let S be a z-invariant Sylow group of Grggz con-

taining M.   Then K = {k e M: kl = k~  ] C S and has order m   by choice of M.

Therefore  \S :CAt)\ > m , so by 4.6, S is Sylow in G  g.   But a Sylow group /? of

G  * fixes only 2 points, a contradiction.

Lemma 4.8. Assume Hypothesis 2.   Let E = Dßz.   Then D = 0(D)E and

0(E) < 0(D).

Proof. By 4.3, D - CD(z)0(D).   But CD(z)< F.

Lemma 4.9. Assume Hypothesis 2 with G = H0(G).   Then z £ Z*(G).

Proof. Set X = 0(G).  Suppose w e z    centralizes z.   Then CG(zz>)and CG(z)

are contained in H.  Also by 4.2, CG(wz)< H.   Thus X = Cx(z)Cx(w)Cx(wz)< H,
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so G < H, a contradiction.   Thus the Z -theorem implies z £ Z (G).

5. Proof of Theorem 2. For the remainder of this paper G is a minimal

counterexample to Theorem 2.  Define a, ß, D, etc. as in §4.   Let E = DßZ.

Lemma 5.1. G z's simple.

Proof. Minimality of G, 4.4, and 4.9, imply 0(G) = 1.  Similarly G = (z   ).

Suppose 1 4 OAG) = Q.   By hypothesis z is in the center of a Sylow 2-subgroup

of G, so z centralizes Q.   Thus G = (z   ) centralizes Q.   Let zz be an involution

in Q.  Then CG(u) = G ^ //, so by hypothesis // is strongly embedded in G =

(zG).   Thus 02(G)= 1.

Let M be a minimal normal subgroup of G. If z e M, then M = G is simple.

So assume z 4 M. Let S be a Sylow 2-subgroup of M. If M < //, let t £ z — H,

and Mj = (z, t, M).  Set K= N^ (S).  We may assume z, t £ K, so minimality of G

implies z e Z (K).   Therefore (z, S)= Sj is Sylow in Mj and z    O Sj = |z|.  Thus

the Z -theorem implies z e Z (Mj) and so lz, MJ = 1.   Therefore M is in the

center of G, a contradiction.

So M^H.   If G 4 (M, z), then minimality of G implies H C\ (z   ) is strongly

embedded in (z   ).   But (z  ) has a subgroup of index 2, so again [M, z] = 1, a

contradiction.  So G = (M, z).

Let « be an involution centralizing z with CG(zz)= C f.H. Such  an involution

exists by [2].   If / £ z    then tz e M, so tz 4 z   .  Thus z £ Z (C).   Let i> be an

involution in C O M in the center of a Sylow group S of G containing z.   If v = u

then S < C and z    O S = Jz|, so z e Z (G), a contradiction.   Thus CG(v)< H.

Set X = 0((z   )).   Let /I < X n H be maximal with respect to being normal in C,

and B/A be a minimal normal subgroup of C/A contained in X.   Then B ^//.    But

C„(v) and C„(z) are contained in //.   Thus C „(vz) j. H.   But vz is in the center

of S, yielding a contradiction as above.

Lemma 5.2. Either G = (z, t, [t, 0(D)]), or the following hold:

(i) (z   ) z's abelian and [t, 0(D)] is cyclic.

(ii) // p is a prime divisor of m then a Sylow p-subgroup of G fixes exactly

two points.

(iii) E = CD(z).

Proof. Set  K = (z, t, [/, 0(D)]), and assume K 4 G.   Then minimality of G

implies  r/nfCis strongly embedded in K.   By 4.3, zH = Z^'0(-D^ Ç K.   Let B =

([a, />]: a, b £ zH).   As  H n K is strongly embedded in K and z 4 Z*(G), B < 0(D).

Clearly B <! //.   If Gn is doubly transitive then B < G8 = 1 by 5.1, so (z   ) is

abelian.   Then  [E, z]< (z  ) D E = 1, so E = C0(z).   If a Sylow p-subgroup P of
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[t, 0(D)] fixes 3 or more points, then by 4.5, P normalizes the conjugate Q of

(z   ) containing t, so  P = [P, <] < (?, a contradiction.   So we may assume  Gß is

not doubly transitive and therefore by 4.7, for any prime p, some Sylow p-subgroup

P of D is contained in a z invariant p-subgroup M of H fixing 3 or more points,

[z, MB/b] = 1, so z normalizes PB.   Thus P< PB<E.  So D < F and therefore

D = Dz.  So zH Ç Z*«D, z)) by 4.3.   Thus the Z*-theorem implies z 6 Z*(G), a

contradiction.

Theorem 5.3. Lez p be a prime divisor of m. Then a Sylow p-subgroup of G

fixes exactly two points.

For the remainder of this section assume p is a counterexample to 5.3. D =

Gaß is said to be p-admissible if for some a e z , D^a contains a Sylow p-sub-

group of D.   By 4.7, p-admissible intersections exist.

For X< G set 0(X) = OA.X) where 7r=|2, p\'.

Lemma 5.4.  Let D be p-admissible.   Then 9(D) 4 1.

Proof.  Let P be a Sylow p-subgroup of 0(D) contained in E.   By 4.8, P is

Sylow in 0(E), so as z normalizes 0(F) we may assume Pz = P.   As P is Sylow

in 0(D) we may assume P' = P.  Assume 0(D) = 1.   Then the Z/-theorem implies

R = Z(](P)) < 0(D).  As R is characteristic in P, Rz = /? = /?'.   Thus by 5.2,

G =(z, t, 0(D)) < N(R), a contradiction.

Lemma 5.5.  Let D be p-admissible.   Then \9(D)\ > \9(E)\.

Proof. As  0(E) < 0(D), 0(D) is solvable, and F contains a Sylow p-subgroup

of D, it follows by [9] that 0(E) < 0(D). So if \6(D)\ < \6(E)\ then 6(D) = 0(E).

But then as above G < N(6(D)).

Lemma 5.6.  Let X be a p-subgroup of H normalized by z and Yap -subgroup

of odd order of G normalized by (X, z) with Y £H.   Set  K = {k e X: kz = k~1].

ThenCY(K)¿H.

Proof.  Let A    be maximal with respect to A y < H n Y and A y <L W =

(X, V, z).   Let B/Ay be a minimal normal subgroup of W/Ay contained in Y/A y,

and set A = H n B.   Then A <¡ B and z inverts ß/A = B.   By 1.5, [K, ß] = 1, so

CB(K)£A = B HH.

We are now in a position to derive a contradiction, thus establishing Theo-

rem 5.3.

Let D be a p-admissible intersection with  |0(D)| minimal.   Let P be a Sylow

p-subgroup of 0(D) contained in E.  We may assume  P' = P = Pz as in 5.4.  Set

F = Gßßz.   F =0(F)CF(z)= 0(F)E, so 0(E) < 0(F).  As CD(z) = CE(z) = CF(z),
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\E\   = \CD(z)\  m   = \CF(z)\ m ¡Fi  .   Then E contains a Sylow p-subgroup of F,

so by [9] 6(E) < 6(F). P fixes a, ßztt and ßztz. Thus F' is p-admissible, so

minimality of \6(D)\ implies \6(D)\ < \6(F')\ = \6(F)\. By 5.5, |0(E)| < \6(D)\ <

\6(F)\, so 6(F) ¿E. That is 6(F)<[//. Let K . U € Pi ** . *~1}. By 5.6, M =

CC(K)¿H.

Set L = (z   ).   Minimality of G implies L O H is strongly embedded in L.

As  L O M is a subgroup of index 2 in L, L is solvable and 0(L) = L C\ M.   Let

X<LflH with L C\H= X(C(z) nL n //).   N,(X)iH (e.g. 4.6 in [2]) so there

exists s e z - //.  Set A = H n Hs and choose s with 10(A)! maximal.   Let
„ -   wr<x> N,(X)

s £ //j = G  . sez   L    , so yea   L     .

Let B = G     .   KÇ A OB, so by 4.6, B is p-admissible.   By 5.5,

\6(A nB)| < \6(B)\ < \6(A)\.   Therefore 6(A)£HV   Then by 5.6, CA(K)$HV

But s normalizes K and /4, so s normalizes Y= C.(K). Also [z, (L n//)/X]= 1

and X < V < M O //, so z normalizes V.  Therefore minimality of G implies z is

conjugate to s in NG(Y), so y £ a   G     . Thus as Y < H, we also have V < /7j.

But it was shown in the last paragraph that Y ^//..

This completes the proof of 5.3.

6. The centralizer of z.

Theorem 6.1. Ga is doubly transitive.

Proof.   4.7 and 5.3.

Lemma 6.2.   Let p be an odd prime, P a Sylow p-subgroup of E with z £ M =

NG(P).  Set A = F(P).   Then

(1) G is transitive on triples (y, 8, 8s) such that s € z    and s fixes y.

(2) M^ is transitive and t    O M is nonempty.

(3) // p divides m then MA is 2-transitive and P is maximal among p-subgroups

of G fixing 3 or more points.

Proof. (1) As G is 2-transitive we may take y = a and 8 = ß.   Then

s e z    n H = z     and the result holds.

(2) We may assume P is not Sylow in D, so a Sylow p-subgroup Q of MgoZ

properly contains P.  Thus as P is Sylow in E, NQ(P) - R ^//.  So there exists

s £ zR - H.   Let lyi = F(s), and (y, a)8 = (a, ß).   Then  P8 < D and s8 e zG n // =

z   .  So we may assume s8 = z.   Thus  P8 < E, so P8 is conjugate in E to P.

But 4.3 applied to M implies there exists r £ z    with ar = y, so /    n A/(P8) and

therefore /    n M is nonempty.   It follows with (1) that for any ß 4 ol there exists

t £ z    with cycle (a, ß).   Thus  Mû is transitive.

(3) Let Q be a Sylow p-subgroup of M O H.   By 5.3, |A| = n = 2 modp, so Q
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is Sylow in M and we may assume Q < D.  Suppose z e Z (M).   Then we may

assume Qz = Q, so Q < E and thus P = Q is Sylow in M, while by 5.3, P is not

Sylow in G.  Thus z 4 Z (M).  Set L = (z  ).  As z 4 Z (M), minimality of G implies

L contains a 4-group A with A# C zG.  So X = 0(L) = IT #Cx(a) < //,  and thus

as MA is transitive, X < E.  Therefore  P n X is Sylow in X.   This with minimal-

ity of G and 2.9 implies any p-subgroup R of M Ci H fixing 3 or more points and

containing P is normalized by an element of z    C\ H.  So (1) implies R < P.   Thus

P is maximal as claimed.   Thus by 5.3, Q fixes exactly two points.  Thus 4.7

implies M^ is 2-transitive.

Lemma 6.3.  Let X < D* and Q a Sylow p-subgroup of X HE.   Then t    n

N(Q) is nonempty.

Proof.  Let Q < P be Sylow in E.   By 6.2 we may assume P{ = P.  Thus t

normalizes P n X = Q.

Theorem 6.4. E = CD(z).

For the remainder of this section assume 6.4 is false and let p be a prime

divisor of \E : CE(Z)\.   Let P be a z-invariant Sylow p-subgroup of 0(E) and M =

NAP).  With 4.8 and 6.3 we may assume t € M.  We will be interested in the fol-

lowing hypothesis:

Hypothesis 3. X < H, z £ Y = NG(X)£H, m((zY)) > 1, and z does not cen-

tralize a Sylow p-subgroup of H I") Hy n Y, for y 4 H.

Notice that if Hypothesis 3 is satisfied then minimality of G implies

(z   )/0((z   )) is the extension of a Bender group.

Lemma 6.5. Hypothesis 3 is satisfied with X - P.   If X satisfies Hypothesis

3, [X, z] 4 1, a z's a« o«W prz'zzze, azza" Q e Syl (C"D(X)), ¿¿ezz zH n /V(X2) z's rzo/z-

e?72pfy.

Proof. Let A be a z-invariant Sylow p-subgroup of E containing P. By 6.2

and 5.3 there exists a p-element x e 0(D) n N(A)- A. By 4.8, 0(E) < 0(D), so

x e N(P).   By 6.2 and 5.3, N(A) is an extension of a Bender group, so zz

has even order.   Thus 7?z((z   )) > 1, and P has Hypothesis 3 in the role of X.
y

Now take X and Q as hypothesized.   Let L - (z   )Q, and let Q < R £

Syl (20(E)).  If R fixes 3 or more points of ay then by 2.9 we may take z 6 /V(R).

Then z normalizes CR(X) = Q.  So assume Q fixes exactly two points.   Then Q

is Sylow in C„ níí)(X) < H n L.  So a Frattini argument implies N(2) n zV O L

has even order and thus contains an element of z   .

Lemma 6.6. 0(E) < 0(D).
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Proof. By 4.8, 0(E) < 0(D).   Let x be a p-element of 0(D) centralizing P,

and let x £ Q £ Syl (CD(P)).   By 6.5 there is zh = s £ N(PQ), so QP < Dßs.

Hence (x)P< 0(D)ßs.  So by 6.2, x £ P.   Thus P contains all p-elements of 0(D)

centralizing P, so a result of Thompson [9] implies any p -subgroup of 0(D) nor-

malized by P is in Opl(0(D))= 6(D).   Thus 6(E)<6(D).

Lemma 6.7. Assume Hypothesis 3 with ß £ cx   and Q a Sylow p-subgroup of

Y n 0(D).   Then 6(Y n D)<E and Z(J(Q)) is normalized by an element of zE.

Proof. Set B = (z(H n y), Y n 0(D)).  Minimality of G implies B is solvable,

and 0(B) < E.  z normalizes but does not centralize P, so W = 6(B) = 0 ,(B).

The Z/-theorem implies WR < B, where R = Z(J(Q)).  Thus R is normalized by an

element of zW Ç zB.  Set À = A/W = 0 (B/W).   As B is solvable, CB(Ä)<A.   But

6(Y r\D) centralizes A/W asA<YoD.  So 6(Y n D)<6(B)< E.

Lemma 6.8. 6(D) > 6(E).

Proof. By 6.2, a Sylow p-subgroup of E satisfies the role of X in Hypothesis

3.  Choose X satisfying Hypothesis 3 with  |V O 0(D)\    maximal.   Let Q be a

Sylow p-subgroup of Y O 0(D).  6.7 implies R = Z(J(Q)) satisfies Hypothesis 3,

so maximality of  |V n 0(D)|    implies 2 is Sylow in N(R) O 0(D).   So as R is

characteristic in 2, Q is Sylow in 0(D).  Assume 0(D) = 1.   Then the Z/-theorem

implies R <] 0(D).   Thus by 5.2 G = (/, z, 0(D)) normalizes R, a contradiction.

Similarly if 6(E) = 0(D), then  G < N(6(D)).   Thus with 6.6, the conclusion holds.

Lemma 6.9.  6(E) is a Hall subgroup of 6(D).

Proof. Assume not and let Q be a Sylow ¿/-subgroup of 6(E) with Q not Sylow

in 6(D).   By 6.3 and 6.6 we may assume z, / e y = NG(Q).  Choose P < Y.   By

4.3 we may assume q divides m.   Hence we may argue as in 6.5 to show Q

satisfies Hypothesis 3 in the role of X.  Thus 6.6 and 6.7 yield a contradiction.

We now derive a contradiction and establish 6.4.   Let q be a prime divisor

of  |0(D):0(E)|, let X = [P,z], and let R be a X(z) -invariant Sylow ^-subgroup

of 6(Gßßz).   By 6.9, q is not a prime divisor of |0(E)|, so R HE = 1.  Thus

CR(z)= 1 and by 2.1, [X, R] = 1.   R moves a so Y = N(X) ¿H.   Let L = (zM) and

z e S ë Syl (L).  Then z e Z(S) so S acts on X = [P, z].   Thus m((zy))> 1.  So

X satisfies Hypothesis 3.   Let y be a point of a   distinct from a.   By 4.3 there

is a conjugate s of z under Y with cycle (cx, y).   Let Ö be a (s) X-invariant Sylow

«/-subgroup of 6(Gay).  With 6.2 we may argue as above to show [X, Q] = 1.   Now

by 6.5 we may assume z normalizes XA, where Q < A e Syl (C(X)     ).  So

Q S. ®iGay)y z < 6(G       z).   But now 6.2 and 6.9 yield a contradiction.
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This completes the proof of Theorem 6.4.

7. The group ([0(D), t], z, t).

Lemma 7.1.  Let  Y < G with z e H n Y < Y.  Set L = (zY).   Then either

(1) z e Z*(Y) and {z] = zH nY, or

(2) [0(Y), L] = 1 and L/0(L) S L2(q), Sz(q), or UA.q), q > 2 even.

Proof. Minimality of G implies H n L is strongly embedded in L.   If m(L)>2

let A be a 4-group in L n // and X = 0(V).  Then X = II Xv(a) < H, so X fixes

a   of order at least 3.   Therefore by 6.4, z, and therefore L, centralizes X.  As

H n L is strongly embedded in L, L/0(L) ^ L2(q), Sz(q), or (73(a), a > 2 even.

So assume m(L) = 1.  Then z e Z*(y).  4.6 in [2] says H n L = If CH(z) where

W < H n L and NL(W)£H.  As Nl(W)£ H, Wfixes at least three points, so by

6.4, If < C(z). Thus H dL< C(z), so |zj = zH n L = zH n y.

Theorem 7.2. G = (/, z, [i, 0(D)]).

Set X = [f, 0(D)] and X = (<, z, X).   For the remainder of this section assume

K4G.  Then by 5.2, (zH) is abelian.  Set Q = (zH).

Let zz be an involution in D.  Set a = |Cq(zz)|.   u acts on X, so with 7.1,

either u centralizes Q or K S L2(a2).   By the Z*-theorem m(K)> 1.   If X S L2(4)

and a = 2, then \H:C(Q)\ = 2, and by 2.3 u 4 02(G), a contradiction.  So a > 2.

Now with 7.1, CH(u) is transitive on Cq(u) , and therefore on A - jzzi where

A = Cq(u)u.  As this holds for each v e A, and a > 2, it follows that N(A) is

doubly transitive on A.   In particular A C zz   .

Given an involution w define a(w) to be the number of pairs (v, s) with

v e u   , s e z    and w e (vs).  Given such a pair, we see that(v, s) has a subgroup

(r, s) oí index 2 with r e z   .  As Q is abelian either ts has odd order or w = rs.
c* c*

In the former case wv e z    n C(v), so by the last paragraph w e u   .  Also swv

has odd order.   Therefore a(u) is the number of pairs (r, s) such that r, s e z   D

C(w) and rs has odd order.   Therefore

a(u) = (a1' +l)(a-l)[a'(a - 1) + l]

where 1 < z < 3 depending on whether (z   (u)) is isomorphic to L2(q), Sz(q), or

(/3(<z).

If w = rs then we may assume r, s e H, so w e Q.  Notice \Q, u] 4 1.  Thus

u/ e z   .   |C(zz>) n zz   | = |zz   \/(q + 1).   Further given f £ C(t¿0 O zz     we may assume

v normalizes X, and thus in (X, v) ^ 2L2(q  ) there are exactly a elements s e z

with w e (vs). So

a(z)= \uH\q/(q + 1)= |E|(a'+ l)a/|C(zz)|(a + 1).
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Notice that a(w) = 0 it w 4 u    Uz   .   But by the Thompson order formula

\G\ = ? <z(z*y)|C(zz)||C(z)|/|C(^.)|

where \w.! is a set of representatives for the collection of conjugacy classes of

involutions of G.   It follows that

Lemma 7.3. Let u be an involution in D.   Then \F(u)\ = q' + 1 for q > 2

even and either

(1) u £ C(Q) and n = (ql + l)[q\q - 1) + l], or

(2) u 4 C(Q) and n = (q* + l)[q\q - 1) + q + l]/(q + 1).

Let f(i, q) and g(i, q) be the expressions for n in (1) and (2) respectively.

Then f(i, qx)4 g(j, 12) for any z, /, qx, and q2.  Also / and g are one to one.

Therefore all involutions in D have the same number ql + 1 of fixed points and

CD(Q) contains all involutions in D if it has even order.

Notice also that as ut e u   , all involutions in D  and therefore in G, are

conjugate either to / or to an involution in D.

Lemma 7.4. X acts semiregularly on 0 - icx, ßl

Proof.  Let y be an element of order p in D where p is a prime divisor of the

order of X.  X is cyclic by 5.2 and by 5.3 a Sylow p-subgroup of D fixes only a

and ß.  So if y £ X then a Sylow p-subgroup of CD(y) fixes exactly two points.

If y 4 X then let x be an element of order p in X.   Then for some a £ (x, y)   ,

C0(a)4 1, so with 7.1, considering C(a), (x, y) fixes only cx, ß.   Thus for any

element y of order p in D, a Sylow p-subgroup of Cß(y) fixes only a and ß.   It

follows that C(x) is 2-transitive if |F(x)| > 2.   But / inverts x, so by 6.2

and 6.4, \F(x)\ is even. But / e Z (N((x))), so as C(x) is 2-transitive of

degree greater than 2, 0(C(x)) 4 1 and therefore F(x) has odd prime power

order, a contradiction.

Lemma 7.5. zz centralizes Q.

Proof. Assume not.  Then we are in case (2) of 7.3.  Notice g(2, q) is not

an integer.  Thus i 42.  If i = 1 then n = q   +1.  Thus z    ÇK,a contradiction.

So i = 3.  Now X has order q   - 1 and by 7.4 acts semiregularly on 0 - \a, ß\.

But n-2 = q   - 2q   +2q   - 1 = - 2(q - 1) mod(»   - 1), a contradiction.

Lemma 7.6. i 4 3*

Proof. Assume z = 3.   Let K   =(zC(u)).  We may assume K<K .  Now K

contains a cyclic subgroup A ^ 1 with C„ (A)= Kx A.   Further A centralizes
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A so A induces an automorphism on X   centralizing Q tot each v e A.   It follows

that A centralizes q + 1 conjugates of Q in each X^.   Thus A centralizes at least

a   + 1 conjugates of Q in total.   But L = (z       ') contains q' + 1 conjugates,

1 < /' < 3.  So j = 2 or 3.  As X < L, / = 3.

Let ß be a Sylow 2-subgroup of C(K ).   B acts on L with (C(B) n zL) = X,

so ß = (zz)Cß(L).   But G = (X , L) centralizes Cß(L), so ß = (zz).   Let V be a zz

invariant Sylow 2-subgroup of H n L and set (/ = /Vy(A).   Let T be Sylow in H Cl

X .  Then T = [GA, A] so U normalizes T.  Also A acts irreducibly on T/Q, so

Q = $(5), where 5 = TU(u).  We may choose zz to be in the center of a Sylow 2-

group P of D normalizing 5.   By 7.3, PS e Syl2(G).   Q = $(S) and P normalizes

U(u) = CS(A), so (/<zz) < PS.  Also fJ(zz) < V(zz).   But V fixes no conjugate of A

in (/(zz), while a Sylow 2-group PS of N(U(u)) fixes A, a contradiction.

Lemma 7.7. Let ] = C(X) azza" T = ß - F(zz).   Tzjerz X   z's regular and J is

isomorphic to a subgroup of X.

Proof. Suppose k e X    fixes a point y e F.  We may assume k has prime

order p.  As every involution of X is in z   , p > 2.   If p does not divide a — 1

then £ centralizes some s e z    D G   .   But & is inverted by some t in Z    OX,

so r is not conjugate to s in N((k)), a contradiction as ts has odd order.  So p

divides a — 1 and we may assume k e X.   But now 7.4 yields a contradiction.

So X acts semiregularly on T.   Thus as  |X| = |r|, Xr is regular.   / acts faith-

fully on T1 as / fixes 0 - T pointwise.   Therefore / is isomorphic to a subgroup

of NK(Ka)/Ka St X   (e.g. Theorem 1.13 of M).

Lemma 7.8. N„(X) = DT where T is the Sylow 2-subgroup of X DE.

Proof. By 6.3 we may choose t to centralize E.  Thus D = XE normalizes

X = <r, z, X).  So NH(K)=DT.

Lemma 7.9. z = 1.

Proof. Assume X =i Sz(q).  Then zz - 1 = a3(a   - a + 1).   Let p be a prime

divisor of a   — a + 1.   Then p is relatively prime to |X| and thus to |/X|.   Suppose

1 4 P is a Sylow p-subgroup of D.   Then p does not divide a - 1, so Cq(P) 4 1.

If |CQ(P)| > 2 then by 7.1, NH(P) = CQ(P)ND(P), so P is Sylow in NH(P) and

therefore also in H, contradicting the choice of p.  So a = 2P   and P is cyclic.

Further a = 2 mod p, so 0 = a   - ç + 1 = 3 mod p, and thus p = 3.   Let z^ be an

element of order p in P.  As P is cyclic, CH(w) contains a Sylow group of NH(P).

But if a j£ 8 then |CQ(zz')| > 2, so CH(w) = Cq(w)Cd(w), and thus P is Sylow in

CH(w).  So a = 8.
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Next let r be a prime divisor of q   - q + 1 not dividing \D\.   Let R e Syl (H).

Claim R < C(Q) = C.  Assume not.   Let u £ S £ Syl2(C).   IfAnS = ACOS then a

Frattini argument implies r divides |A/(A)| = o|TD|, a contradiction. So A is not

weakly closed in S and hence as X is transitive on A - u, NS(A)A is transitive.

Then with 7.3, N$(&)< C contains a Sylow 2-group of H.  So H/C is solvable.

Let F/C = Fit(/7/C).   If F < DC then as XC/C = Fit(DC/C),XC = F.  Hence by a

Frattini argument r divides the order of the normalizer of a Sylow rzz-subgroup M

of F, where m divides q - 1.   But N(M)< D by 7.4.  Thus we may assume

R OF ^C, and by a Frattini argument we may assume N(R n F) is transitive on

ö".   But CQ(R n F) ¿1, so R nF<C.

So R < C and by a Frattini argument we may assume X normalizes R.   Now

if x e Xs then CR(x) <D D R =1,so X acts semiregularly on R#.  Thus  \R\ =

1 + a(q - 1).   But if q = 8 we may choose r = 19 ^ 1 mod 7.  So the order of D is

relatively prime to z/   - q + 1.

Next assume that p is a prime divisor of q   — q + 1 distinct from r and let P

be Sylow in H.  Then |P| = 1 + b(q — 1).   As p and r are odd, zz and b are even,

sozz/>>4.   But q2 -q + 1 > \R\\P\ > ab(q - l)2 + 1 > 4(q - l)2 + 1, so

4 < q/(q - 1) < 2, a contradiction.  Thus q   - q + 1 is a power of p.   But as z/ is
2 2

an odd power of 2, q  - q + 1 =3 mod 9, so q   - q + 1 = 3. Thus q = 2,a contradiction.

Set M= 02(//).

Lemma 7.10. if Q < M then Q < Qj(M).

Proof. Assume Oj(M)= Q < M.  Claim (z/ - 1, |/|)= 1.  For suppose p is a

prime divisor of q - 1 and let y be an element of order p in /.   Let x be an ele-

ment of order p in X.   Then for some w £ (x, y) , Mj /Q = C/m/Q^1"^^ **   ^ =

0ÄCH(y)), so w 4 ]•  Therefore Q = [M., «/], so there are involutions in

CM(w)- Q, a contradiction.  Next claim (q + 1, |/|)= 1.   For let p be a prime

divisor of £7 + 1 and y an element of order p in /.  Again Q = OACH(y)) so letting

X = (x), w = xy acts semiregularly on (M/2) .   It follows that \M/Q\ > q .   But

B - 1 = q3 and as Q = Oj(M), M n D = 1.   Thus  |M| = q3 and // = MD.   Further

as / is isomorphic to a subgroup of K, J is dihedral and thus as / contains all

involutions in D, a Sylow 2-subgroup of D is cyclic.  Now as Q = Qj(M), zz is not

in the kernal of the transfer of G to S/M where S is Sylow in G.   But this contra-

dicts 5.1.

It follows that / and therefore C(Q) is a 2-group.  So Q 4 flj(M).

Lemma 7.11. 02(J)M.

Proof. Assume OJJ) = 1.   Then 0(H) O D = 1 so Q = ü (M).  Thus by 7.10,
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Q = M.  As / is isomorphic to a subgroup of X, / contains a se If-centralizing

cyclic subgroup Vf of odd order with NH(W) nC(Q) = (u)W x Q.   Thus in C =

C(Q)/Q, Vf is self-centralizing of index 2 in its normalizer.   \C :J | divides

|E :Nh(K)\ = q , so if C possesses a nontrivial normal subgroup which does not

contain zz, then 02(C) 4 1.  So by a result of Suzuki [11, p. 103] C has one class

of involutions.  Thus Qzz = A is normalized by a Sylow 2-subgroup 5 of G.  So

\S:Cs(u)\ = q.   But C\-(zz)< NH(K), so a2 = |H:,VH(X)| = \S :Cs(u)\ = a, a con-

tradiction.

Lemma 7.12. M= C(Q).

Proof. As  02(])4 1 and a3 = \H:D\, J contains a cyclic 2'-Hall group Vf

and Vf is 2'-Hall in C(Q).  Further W xQ = N(W) O N(X) O C(Q) = N(Vf) O C(Q) is

abelian so M is a normal complement for Vf in C(Q).   Let w be an element of

order p in Vf.   Then p divides a — 1 so there exists x e X of order p.  Set   Y =

(x, tz/) and let A/Q be a minimal normal subgroup of MY/Q in M/Q.  Then A/Q is

centralized by some y e Y*.   If y £ / then A < CM(y) = Q, a contradiction.  So

Q = [A, y] and CAy) contains an involution which we may take to be u.   But A/Q

is in the center of M/Q, so M normalizes A.  This yields a contradiction as in

7.11.

We now contradict the existence of G, thus establishing Theorem 7.2.   Let

BIQ be a minimal normal subgroup of H/Q contained in M/Q.   If X does not act

semiregularly on B/Q then arguing as in 7.12 we get a contradiction.   Thus  |ß| =

a2 and ß n / =1.

Set 0 = A   .   Then 0 has order a.   B] fixes A, so as B] is a 2-group, BJ

fixes some A   4 A.  As X normalizes B/ and is transitive on 0- ÍA|, B] fixes 0

pointwise.   Now JQ n /''Q centralizes A U A* so JQ n /''p. = Q.  Also |ß/| =

q l/l = S|/ Q - Q\ + |ß|, so every element in BJ - B centralizes a unique con-

jugate of A.   Let w e M - BJ.   X is regular on M/Bf, of order q, so M/BJ is ele-

mentary.  Thus w   e BJ.   If w   4 B then by the above we may assume w   cen-

tralizes A and is semiregular on zz   - A. So as tz/ e C(w ), w fixes A, a contra-

diction.  Thus M/B is elementary so M/B = JE/E x [M/Bf X].   Let L/B = [M/Bf X].

M is transitive on 0 and |0| = a = |ß/Q|» so for each coset bQ in B/Q there exists

tz/ e M with [zz, zz/] e bQ.  Then zz    = zzf? is an involution so zz inverts b.   Thus zz

inverts every member of the coset bQ.  As this holds for each zz e J    it follows

that / = (zz).

But now  H/jL ^ D/j is contained in the automorphism group of X, so

H/JLX is cyclic.   Further zz is the unique involution in D, so H/XL is cyclic of

even order.  So as H controls fusion in a Sylow 2-subgroup of G contained in H,

G has a subgroup of index 2, contradicting 5.1.
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8. The centralizer of zz.

Lemma 8.1.  Let u be an involution in D with z, t £ M = CG(zz) and z    n M = A

maximal.   Then M O D has 2-rank 1.

Proof. Set L=(z  ) and K - C M(L).  Let v be an involution in K.  Then

maximality of A implies z    O C(v) = A.  Suppose (zz, v) = W is a 4-group in K.

Set X= 0(D). ThenX = n   HCx(w). Further Cx(tz/) < ND(A), so X < A/D(A).  Thus

G = (z, /, X) < A/(A), a contradiction.  Thus zb(K) = 1.   Let W = (u, v) be a 4-group

in M n D.   Then as m(K) = 1, v induces an outer automorphism on L.  So L =

L/0(L) é Sz(q).   Further if m(L) = 1 or L S U^q), then [A, v] = 1, and we get a

contradiction as above.   Thus  L = L2(q ), and C¿(i> ) has order q - 1.  We may

assume zH n C(v) t A, so Lj = (zC(t,)) K L2(z/2).  Similarly either Cu(v) = zHn

C(zzi;) or L2 = (zC(uy)) S L2(q2).

We may assume  (/ = (W, t) is abelian.   Let p be a prime divisor of q + 1, Pj

a (/-invariant Sylow p-subgroup of X, P = [Pj, /], and P = P/$(P).   As  IC-i^)! <

p for w e W", |P| = p2 or p3.  Further / inverts P.  Suppose |P| = p2.  Then zzv

inverts P, so [uvt, P] = 1, and P acts on F(uvt).   t inverts P so by 6.4, y / F(P)

where F(/) = iy!.  As y e F(w/), |F(zzr//)| > 3.  So L? = (/c(aW>) s L2(z/Z'), z = 1

or 2, and / £ L,  inverts a noncyclic subgroup P of order p   in L,, a contradiction.

Thus   \P\ = p.   But now  |C_(zz/)| = p , and, arguing as above on C p(ut) and ut

in place of P and zzf/, we get a similar contradiction.

As an immediate consequence of 8.1 we get:

Lemma 8.2. D has 2-rank 1.

Let zz be an involution in E.   [2] implies such an involution exists.   Let

z e M = CG(zz) and L = (z   ).   Let R be a Sylow 2-subgroup of L O H, T. a Sylow

2-subgroup of M O //, T = Tj n LC^L), and (/ = Oj(R). Set A = uG n T and

/V = NG(&).

Lemma 8.3. (1) L/0(L) =* L2(q), Sz(q),or U^(q).

(2) (zz)U=Q1(Tj).

(3) zzz e zzG and |A| = z/.

(4) G />zzs 2 classes of involutions, u    and z   .

Proof.  It follows from 7.1 and 8.2 that (u)U - Qj(Tj).   A/^U) is transitive

on Un, so Tj contains three L-classes of involutions, izz!,z   , and (zzz)  .   The

Z -theorem implies uz £ u   .   G is doubly transitive on 0, so any class of involu-

tions has a representative v with cycle (cx, ß).  As 772(D) = 1, we may assume

v £ T..  Thus v    = zz    or z   .
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Simple groups of 2-rank 2 have been classified [l], [6]; all have one class of

involutions.  Thus 772(G) > 3.  So a Sylow 2-subgroup S oí G has a normal 4-group

X.   \S :CS(X)\ < 2, so as G has no subgroup of index 2, we may assume zz e CAX).

Thus 772(Cs(zz))>3.  So m(U)> 2.   Thus 7.1 implies (1).

Lemma 8.4.  Let X < D fix 3 or more points with t e N(X).   Then [X, t] = 1.

Proof.   Let X be a counterexample.   With 6.4 it suffices to show F(X) = V

has odd order.   So we may assume X is contained in a p-subgroup Vf maximal with

respect to fixing 3 or more points.   Then  y = NAW) is 2-transitive on F(Vf). Suppose

2    fi V is empty.   Then by 8.3, m(Y) = 1.  So   Y has a regular normal sub-

group Q and therefore a Sylow p-subgroup of   y O D fixes 3 or more points.

Thus maximality of Vf implies Vf is Sylow in D, so t    Ci Y is nonempty.  Now by

6.4, t fixes no point of T.   Thus arguing as in 4.5, t £ Z (Y).   Thus T has odd

order.

Lemma 8.5.  NA z's doubly transitive and either solvable, or permutation iso-

morphic to L (7) on q = 8 letters.

Proof.  N fiL nD áN    is regular on A - !zz! and is cyclic of order a - 1.

Thus NA is 2-transitive and any one of several theorems on doubly transitive

groups imply N& is solvable or is contained in the automorphism group of

LAq - 1).   In the latter case, setting v = zzz, N^    has a cyclic subgroup of order

(a - 2)/2 = 2k~1 - 1.  We may assume (q - I) 4 3, for if so NA is solvable.   Thus

there is a prime divisor p of 2        - 1 and an element x of order p in N^v.  Then

ICy/x)! = 2 and x induces an automorphism of  L/0(L) ^ L2(q), Sz(q), or UAq),

so k = p = 2k~1 - 1.   Thus  a = 8 and /VA S L2(7).

For x € zzG, let Lx = (zC(x)).  Set B = /VA.

Lemma 8.6. ß = (zz)R = T and L/0(L) ^ U3(a).

Proof.  Let A = C(L) n C(Lv), v = zzz, and y = (zC(A)).  ([t, CD(u)],

lt,CD(ut)])=V<Y OD.   But [t,D]= V, so G = <f, z, [f, D])< C(A). SoA = l.

It follows that X = CB(L ) is isomorphic to a subgroup of Aut(L).

\R :R n L I < 2 and [X, L ]= 1, so X is an elementary 2-group.  As X has 2-

rank 1, X = (v).   Thus B = <zz)R = T unless L == U^(q).

Suppose  L ==? U (a) and let If be a 2'-Hall subgroup of B.   Then Vf ̂  1 and

Vf<f\Lx.  We may assume  tf, »1-1.  Set  Y = (zC{w)).   [t, CD(u)]< Y n D.

X = [z, CD(zzz)] is a subgroup of odd order in L     normalized by t.   Now if

X < C(W) then arguing as above G<Y. So X ^C(W).   Let Xj = Vf0(D) n L^.

By 8.4, N(Xy)<D.  It follows that Xj = X is of order 3(a + l)2/(a + 1, 3), and

|/X| = 3(a + 1).  Now by 8.7,
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B - 1 = q3[(q3 + l)(q- l)/3(q + 1) + 1] = 2z?3/3 mod?4.

But if S £ Syl2(A/(A)) then by 8.5  |S :S n D\ = q4, a contradiction.

Lemma 8.7.  Le/ z/1 + 1 = |F(zz)|, i =1,2, let V = (u, t), and let a =

|CD(zz):CD(y)|/|CD(zz/):CD(y)|.   Then n-l= qW + l)a + l].

Proof. Let Y be the set of pairs (v, x) with v £ u    and x a cycle in v.   Then

|zz   |(b - ql - l)/2 = |r| = b(b - l)e/2 where e is the order of the set tt of elements

in zzG with cycle (a, ß).   But tt = (ut)D has order \D :CD(ut)\.  Also  |zzG| =

72(b - 1)|D :CD(zz)|/V(z7! + 1).   This yields the required identity.

Lemma 8.8.  |CD(zz):CD(V)| -q-l.

Proof.  \CD(u):CD(V)\ = \L n D\ = ? - 1 as 0(L) = 1 and L St L2(z/) or Sz(z/).

Lemma 8.9.  |CD(zz/) : CD(V)\ equals q + 1 if L 9t L2(q) and q ± \J2q + 1 if

L ^ Sz(q).

Proof. If CD(ut) = CD(V) then [/, 0(D)] < C(u), so G = (z, /, [/, 0(D)]) <

C(u), a contradiction.  So let 1 4 x e CD(ut) with x' = x~ .   By 8.4, x acts semi-

regularly on 0 - {cx, ß\ and thus also on F(zz/).   Further letting Lj = (/   *ui)), X =

CL (x) acts on F(x) = ja, j8i so any subgroup of X of odd order is in D.   It fol-

lows that X = [X, /] has order tj + 1 if L = L2(q) and order q ± y¡2q + 1 if

L S Sz(q).

Lemma 8.10.  L =ï LAq) and n - 1 = </ .

Proof. If L == L2(z/) then 8.7, 8.8, and 8.9 imply n - 1 = q2. So assume

L = Sz(q).   Then the same lemmas imply

tz - 1 = q2[(q - l)(q ± y/Iq + 1) + l] s c/2^ mod ?3.

But 8.5 implies that  |S :S CiD\ = q   where S is a Sylow 2-subgroup of N, a con-

tradiction.

Lemma 8.11. N contains a Sylow 2-subgroup S of G.

Proof. N contains a Sylow 2-subgroup W of D, and letting S be a Sylow group

of N containing W, \S : W\ = q   = \H :D\, so S is Sylow in H and thus also in G.

Lemma 8.12. N4z's solvable.

Proof. Assume AiA == L2(7).   Then Tx = (u)U = T and as u is not a square

root T/U has a normal complement Y/U in A//(/.   Y has one of two forms depending

on whether the extension splits.   Assume first  Y = XU with X S L2(7).   X has

one class of involutions Y so it contains a 4-group A with A   C Y.  Thus 8.3
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implies T Ç z   .   Set V - S C\Y.   It follows that all involutions in V are in z   ,

so considering the transfer of G to S/V, G has a subgroup of index 2, a contradic-

tion.  So the extension does not split.  Again X has 2 classes of involutions

[4, p. 834].   If both classes are contained in z     we get a contradiction as above.

So involutions v e V - U ate in u   .   But v centralizes an element of order 4 in V

(e.g. [4, p. 854], while C(u) contains no elements of order 4.

We now derive a contradiction and complete the proof of Theorem 2.  As NA

is solvable and doubly transitive on a letters it contains a regular normal sub-

group Q\   By 8.6 Q is a 2-group.  Q C\M contains all involutions in M C\ S, so Q

contains all involutions in 5.   U 13 N and N is transitive on U , so U = Z(Q).

Let A = L n D.  0/(/ = <«)(//(/ x [A, 0/(/].   Let V be the preimage of [A, Q/u]

in Q.   If V n zz     is empty then considering the transfer of G to S/V, G has a sub-

group of index 2.  So let v e V O zz   .  Then v e V - U.  As U is elementary and

in the center of Q, and A is transitive on (V/U) , V is elementary.   Let V =

U x Vf, and a and b involutions in If.   If a, b e u   , then by 8.3, ab e z   .   Thus Vf

contains some w e z   .   8.3 implies Uw C z   .  As A is transitive on (V/U) ,

V   C z   , a contradiction.

This completes the proof of Theorem 2.

REFERENCES

1. J. Alperin, R. Brauer and D. Gorenstein, Finite groups of 2-rank 2 (to appear).

2. H. Bender, Transitive Gruppen gerader Ordnung, in denen jede Involution genau

einen Punkt festlässt, J. Algebra 17 (1971), 527-554.    MR 44 #5370.

3. D. Gorenstein and K. Harada, On finite groups with Sylow 2-subgroups of type

A , n = 8, 9, 10, 11, Math. Z. 117 (1970), 207-238.
n 2

4. -, Finite simple groups of low 2-rank and the families  GSq), D,(q), q odd,

Bull. Amer. Math. Soc. 77 (1971), 829-862.    MR 46 #5427.

5. -, Finite groups whose Sylow 2-subgroups are the direct product of two

dihedral groups, Ann. of Math. 95 (1972), 1—54.

6. -, Finite groups of sectional 2-rank at most four (to appear).

7. D. Gorenstein and J. H. Walter, Centralizers of involutions in balanced groups,

J. Algebra 20 (1972), 284-319.    MR 45 #2008.

8. E. Shult, Oil the fusion of an involution in its centralizer (to appear).

9. J. G. Thompson, Fixed points of p-groups acting on p-groups, Math. Z. 86 (1964),

12-13.   MR 29 #5911.

10. J. H. Walter, The characterization of finite groups with abelian Sylow 2-subgroups,

Ann. of Math. (2) 89 (1969), 405-514.    MR 40 #2749.

11, M. Suzuki, Applications of group characters, Proc. Sympos. Pure Math., vol. 6,

Amer. Math. Soc, Providence, R. I., 1962, pp. 101-105.    MR 24 #A3196.

DEPARTMENT OF MATHEMATICS, CALIFORNIA INSTITUTE OF TECHNOLOGY, PASA-

DENA, CALIFORNIA 91109


